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Introduction

A peculiar feature of block copolymers is

the appearance in their melts of equilibrium

spatially periodic mesophases whose period

falls within the nanometer range.[1] This

unique property of block copolymers opens

up fresh possibilities for their application in

nanotechnology[2] and, particularly, in desig-

ning advanced polymer materials based on

photon crystals.[3] This circumstance moti-

vates the importance of a theoretical

investigation of the dependence of the

thermodynamic behavior of block copoly-

mer liquids on the chemical structure of

their macromolecules.

One of the main approaches commonly

used for this purpose is the Weak Segrega-

tion Limit (WSL) theory.[1] It rests on the

ideas of the Landau theory of phase

transitions extensively employed in theore-

tical physics of condensed matter under the

description of the phase transitions in

liquids magnetics and crystals.[4–6] Accord-

ing to this theory, the nonequilibrium free

energy F is written down as several first

terms of the functional series in powers of

order parameters fcaðrÞg whose equili-

brium values are found by minimization of

functional Ff½ca�g. The coefficients of such
an expansion, referred to as the vertex

functions, are governed by the chemical

structure of macromolecules of a specimen

of the block copolymer under examination.

Finding of this dependence, performed in

the framework of the microscopic ap-

proach, constitutes the main challenge for

the weak segregation theory of heteropo-

lymer liquids.

A special emphasis should be placed on

two fundamental peculiarities of such

liquids owing to which the Landau theory

of phase transitions in such systems differs

qualitatively from that traditionally used in

condensed matter physics. So, in the

traditional Landau theory of low-molecular

weight liquids the order parameter caðrÞ is
proportional to the deviation of local

density DraðrÞ of a-type particles at point

r from its average value ra. When this

theory is invoked to describe polymers, the

role of particles is played by monomeric

units. These latter, however, unlike the

former are not true thermodynamic com-

ponents, because they are linked to one

another by stable chemical bonds which

normally remain unbreakable for the

operational use of polymer materials.

The second fundamental distinction of

heteropolymer liquids from low-molecular

ones consists in their polydispersity. In fact,

any specimen of real heteropolymer repre-

sents a mixture of an enormous number of

macromolecules differing in configuration,

i.e., in length, chemical composition and struc-
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ture of polymer chains. The configuration

of each macromolecule is formed in the

course of the synthesis of a heteropolymer

to remain later on unaltered. The thermo-

dynamic behavior of any polydisperse hetero-

polymer liquid is, apparently, dependent on

the distribution of its macromolecules for

configurations. Problems of finding of this

molecular structure distribution have been

solved by the methods of statistical chem-

istry[7] for many processes of the obtaining

of synthetic heteropolymers.

To calculate the free energy of poly-

disperse heteropolymer, one is supposed to

average over both conformations of macro-

molecules and their configurations. In other

words, averaging should be necessarily per-

formed over two types of disorder, i.e., over

heat disorder and quenched structure

one.[8] To cope with this sort of problems,

the methods of statistical physics of dis-

ordered systems are usually engaged, being

the ‘‘replica trick’’ the most popular among

them.[9,10] Its application to polydisperse

heteropolymer liquids offers new opportu-

nities for deriving expressions for vertex

functions in the expansion of the free ene-

rgy of such liquids. A remarkable feature of

this expansion resulting from averaging

over macromolecules’ configurations is the

appearance in these vertices of so-called

‘‘non-local’’ terms. These, unlike local

ones, tend to infinity in the long-wave limit,

when the momenta approach zero. In the

expansion of the Landau free energy of

monodisperse heteropolymers, all macro-

molecules of which have, by definition,

identical configuration, the non-local terms

are, evidently, absent.

The first to present the expression for the

non-local term in the forth order vertex

function were Shakhnovich and Gutin[11]

who considered a melt of binary random

heteropolymer. Later, these results were

extended[12–15] to heteropolymers whose

molecular structure distribution is des-

cribed by a Markov chain. Such markovian

heteropolymers are synthesized in the

processes of free-radical copolymerization

and copolycondensation,[16–17] that condi-

tions the importance of the theoretical

investigation of their thermodynamic beha-

vior. Of particular value here are papers by

Panyukov and Potemkin[18,19] where for

the first time two-phase states of an

incompressible melt of binary markovian

copolymer have been considered in the

framework of the WSL theory.

A substantial drawback of all the above-

cited publications consists in ignoring the

contributions into the free energy of the

terms in which the order parameters enter

in degree n> 4. It has been recently

shown,[20] that there exists a certain sixth

order non-local term, the neglect of which

can be responsible for erroneous results

under consideration of the thermodynamic

behavior of an incompressible melt of

binary markovian heteropolymer. To carry

out such a consideration for melts of

markovian copolymers whose macromole-

cules consist ofm types of monomeric units,

it is necessary to find the fifth and sixth

order vertex functions at arbitrary m. This

problem has been solved[21] making use of a

diagrammatic algorithm that is a modifica-

tion of the general algorithm of finding of

the n-th order vertex functions for a

m-component heteropolymer with arbitrary

molecular structure distribution.[22]

Although any copolymer specimen is

actually polydisperse, its degree of poly-

dispersity can markedly vary depending on

the method by which this specimen was

synthesized. So, polydispersity of multi-

block copolymers obtained by polyconden-

sation of oligomers is substantially con-

trolled by the width of their molecular

weight distribution whose quantitative

characteristic is the polydispersity coeffi-

cient. For oligomers prepared by polycon-

densation and ‘‘living’’ anionic polymeriza-

tion the values of this coefficient are close

to unity and zero, respectively. Hence,

under a theoretical consideration of the

phase behavior of multiblock copolymers

obtained by polycondensation of the first

type oligomers the role of polydispersity is

of utmost importance. However, under an

analogous examination of multiblock copo-

lymers with molecules comprising the

second type blocks the polydispersity may
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well be neglected. This approximation

enables to substantially simplify the theo-

retical analysis, since it excludes the

necessity of averaging over configurations

of macromolecules.

The most developed is the WSL theory

of an incompressible melt of binary mono-

disperse heteropolymers because here the

Landau free energy represents a functional

of a sole order parameter cðrÞ. At given

chemical structure of macromolecules the

phase behavior of their melt in the frame-

work of this model is governed exclusively

by the Flory parameter x. Leibler[23] was

the first to invoke the formalism of theWSL

theory for the description of such behavior

of melt of diblock copolymer. The phase

diagrams constructed by him for macro-

molecules of different length and chemical

composition comprise regions of the exis-

tence of three mesophases, i.e., Body-

Centered Cubic (BCC), Hexagonal (HEX)

and Lamellar (LAM). These classical meso-

phases, as well as the Gyroid mesophase

found later, were believed for a while to be

the only possible in melts of binary block

copolymers. This inference was repeatedly

supported by results of the consideration of

triblock and multiblock copolymers with

macromolecules of trivial one-scale archi-

tecture. However, recently the authors of

papers[24,25] employ the WSL theory to

study the phase behavior of melts of binary

linear block copolymers with the two-scale

architecture (Figure 1) found the conditions

of the thermodynamic stability of some

other mesophases, such as Simple Cubic,

Face-Centered Cubic and that known as

BCC2.

Along with mesophases whose morpho-

logy is characterized by the only scale of

space periodicity, it is possible to imagine

complex mesophases with two different

scales. Examples of these latter are Hex-

agonally Modulated Lamellae (HML) and

Hexagonally Perforated Layers (HPL)

mesophases. The possibility of their exis-

tence was thoroughly investigated both

theoretically and experimentally (See[1]

pp. 46–52 and references therein). The

results of the investigations revealed that in

melts of diblock copolymers such meso-

phases do not exist as stable equilibrium

ones, but the HML may be a transient, and

the HPL a long-lived metastable meso-

phase. The first of them corresponds to a

saddle point in the free energy hypersur-

face, whereas the second one is associated

with its local minimum.

A challenging problem facing statistical

thermodynamics of heteropolymer liquids

is to explore theoretically the possibility of

the existence of some mesophases char-

acterized by two scales of spatial periodi-

city. It seems to be natural to look for such

mesophases among block copolymers with

the two-scale architecture similar to that

presented in Figure 1. A specific feature of

the melts of such two-scale macromolecules

is that their structure factor ~Sðq2Þ can have

two maxima (Figure 2) associated with two

branches of nontrivial spinodal.[26] Of

particular interest are Double Spinodal

Points (DSPs) belonging to both such

branches since at these points the loss of

absolute thermodynamic stability of the

spatially homogeneous state occurs simul-

taneously on the wave vectors of two

different lengths. For this reason there

are serious grounds to expect the emer-

gence in the vicinity of the DSP line of

thermodynamically stable mesophases

characterized by two scales of spatial

periodicity.

Macromol. Symp. 2007, 252, 76–8978

Figure 1.

Example of the architecture of a block copolymer with two intrinsic length scales.
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One of the central problems of the WSL

theory arising under the description of such

mesophases consists in deriving expressions

that relate the coefficients of the amplitude

expansion of the Landau free energy with

the vertex functions. The first who pre-

sented such expressions for three particular

two-scale mesophases was Nap.[27] Later a

diagram algorithm was suggested[28]

enabling one to write down analogous

expressions for any mesophases with two

scales of spatial periodicity. Using this

algorithm to consider a melt of two-scale

macromolecules the authors of paper[29]

managed to reveal for the first time the

possibility of the existence on the phase

diagram of a region of thermodynamic

stability of some two-scale mesophase.

Of prime importance for the thermo-

dynamics of block copolymers is finding the

dependence of their phase behavior on

chemical structure of macromolecules. This

is characterized for a monodisperse speci-

men by the sequence of types of blocks (i.e.,

by architecture) and by their lengths.

Binary copolymers like segmented polyur-

ethanes or segmented copolyesters, pro-

vided their molecules consist of a consider-

able number of monodisperse blocks, have,

evidently, periodic architecture. In a sense

such a polymer chainmay be thought of as a

certain one-dimensional ‘‘pseudo-crystal’’

in a configurational space of macromole-

cules. The elementary cell of such a

pseudo-crystal is a pair of neighboring

blocks of different types.

Because a periodic multiblock copoly-

mer can be obtained by polycondensation

of a macromonomer with the chemical

structure of an elementary cell, it is

interesting to compare to which extent

the scattering and phase diagrams of melts

of the macromonomer and the products of

its polycondensation will differ. In the

simplest case, when macromonomer is a

monodisperse diblock copolymer, such

distinctions are of quantitative rather than

qualitative character.[30,31] The correctness

of this assertion for macromolecules, whose

chemical structure is characterized by two

intrinsic length scales, remained an open

question till the appearance of paper.[32] It

was recognized there that angular depen-

dences of scattering intensity of these

two systems differ only quantitatively.

Conversely, the distinction in their phase

behavior was found[32] to be of qualitative

character.

Upon pointing out some novel problems

of the statistical physics of multiblock

Macromol. Symp. 2007, 252, 76–89 79

Figure 2.

Classification diagram of structure factor ~Sðq2Þ for the melt of a block copolymer with the architecture depicted

in Fig. 1. In gray region function ~Sðq2Þ has two maxima whose heights are equal on the heavy (DSP) line.
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copolymers, which we managed to solve

recently in the framework of the WSL

theory, let us survey briefly the results

achieved.

The Landau Theory of Phase
Transitions with Two-Component
order Parameter

The dimensionless Landau free energy FL

of an incompressible melt of a binary

multiblock copolymer in the momentum

representation can be presented as follows

F½~c� � FL½~c�
TM

¼
X4
n¼2

1

n!
F n½~c�

F n½~c� ¼
X
fqig

~GðnÞðq1; . . . qnÞ
Yn
i¼1

~cðqiÞ

(1)

Here M denotes the overall number of

monomeric units, T stands for absolute

temperature in energetic units, and ~cðqÞ
represents the Fourier transform of the

order parameter cðrÞ. Vertex functions ~Gð3Þ

and ~Gð4Þ are controlled exclusively by the

parameters of the chemical structure of a

macromolecule, whereas ~Gð2ÞðqÞ ¼ ~S�1

ðq2Þ � 2x depends additionally on tempera-

ture that governs the Flory parameter x.

Minimizing functional (1), it is possible

to find the Fourier transforms of the

equilibrium densities of monomeric units

of different types. This, particularly, pro-

vides a possibility to specify the spatial sym-

metry group of an equilibrium mesophase.

In order to construct a phase diagram, the

consideration is usually restricted to a set of

several candidatemesophases amongwhich

only one should be chosen afterwards

whose free energy is minimal.

When developing the WSL theory of a

melt of block copolymers, whose molecules

have architecture like that given in Figure 1,

the traditional approach fails in the vicinity

of DSP line (See Figure 2). Indeed, at every

its point the structure factor ~Sðq2Þ has at q�L
and q�S twomaxima of the same height. That

is why on this line the homogeneous state of

a melt looses the absolute thermodynamic

stability simultaneously with respect to the

fluctuations along arbitrary directed wave

vectors qðLÞ and qðSÞ whose lengths q�L and

q�S are fixed at each point of DSP line.

Therefore, in its vicinity the traditional

WSL theory with one-component order

parameter turns out to be incorrect. To

make up this deficiency it was suggested[28]

to introduce the two-component order

parameter, which in the first-harmonic

approximation reads

~cðqÞ¼ Affiffiffi
k

p
Xk1
j1¼1

exp i’j1

� �
dK q� q

ðLÞ
j1

� �h

þ exp �i’j1

� �
dK qþ q

ðLÞ
j1

� �i

þ Bffiffiffi
k

p
Xk2
j2¼1

exp i’j2

� �
dK q� q

ðSÞ
j2

� �h i

þ exp �i’j2

� �
dK qþ q

ðSÞ
j2

� �i
(2)

where the summation in the first and the

second terms is over all k ¼ k1 þ k2 wave

vectors of the first coordination spheres

having radii q�L and q�S, respectively. For-
mula (2) can be employed to describe

any block copolymer, provided the differ-

ence in values x
1ð Þ
sp ¼ ½2 ~Sðq�2L Þ��1 and x

2ð Þ
sp ¼

½2 ~Sðq�2S Þ��1 of parameter x on two spinodal

branches is small enough in comparison

with each of these values.

The substitution of expression (2) into

formula (1) results in the amplitude expan-

sion of the Landau free energy

F ¼ n1t1A
2 þ n2t2B

2

�
X3
i¼0

X3
j¼0

C
ðijÞ
3 AiBjdiþj;3

þ
X4
i¼0

X4
j¼0

C
ðijÞ
4 AiBjdiþj;4 (3)

where the following designations are used

ta ¼ xðaÞ
sp � x na ¼ ka=k ða ¼ 1; 2Þ (4)

Minimizing polynomial (3) with respect

to variables A and B, it is possible to

construct a phase diagram, provided the

Macromol. Symp. 2007, 252, 76–8980
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values of coefficients C
ðijÞ
3 and C

ðijÞ
4 are

known for all candidate mesophases. Any

of these coefficients represents a sum, each

item of which is the product of two factors.

One of them being governed by the space

symmetry group of the mesophase under

consideration does not depend on the

chemical structure of block copolymer

macromolecules. The second factor repre-

sents vertex function ~Gð3Þðq1; q2; q3Þ or
~Gð4Þðq1; q2; q3; q4Þ, taken at values of argu-

ments controlled by q�L and q�S as well as by
the spatial symmetry of the mesophase of

interest. A diagram technique was devel-

oped[28] which permits writing down com-

plete sets of coefficients C
ðijÞ
3 and C

ðijÞ
4 of the

amplitude expansion (3) for any mesophase

of an incompressible melt of arbitrary binary

monodisperse block copolymer. Expres-

sions for the coefficients of polynomial

(3), which can be derived by means of the

diagram technique,[28] are valid for arbi-

trary dependencies of the vertex functions

on the wave vectors. The determination of

these dependencies for block copolymers of

given chemical structure, falling outside the

limits of the Landau theory, is a problem of

the microscopic theory. A diagram algo-

rithm developed for the solution of this

problem will be discussed below.

Diagram technique for finding of
vertex functions

Fundamental for the WSL theory of

heteropolymer liquids is the expression

for the Landau free energy

Ff½~ca�g ¼
X1
n¼2

1

n!
F nf½~ca�g (5)

where the n-th order contribution is

described by expression

F nf½~ca�g

¼
X
faig

X
fqig

~G nð Þ þð Þ
a1...an

ðq1; . . . ; qnÞ
Yn
i¼1

~cai
ðqiÞ

(6)

Formula (5) is of general character, being

reduced to expression (1) in a particular

case of an incompressible melt of binary

copolymer.

Obviously, functional (6) is completely

specified by the vertex functions, each

being, in accordance with the Lifshitz

ideas,[33] a sum of two items

~G nð Þ þð Þ
a1...an

ðq1; . . . ; qnÞ
¼ ~G nð Þ

a1...an
ðq1; . . . ; qnÞ

þ GðnÞð�Þ
a1...an

dK
Xn
i¼1

qi

 !
(7)

The first of them is the vertex function in

an auxiliary subsystem of ‘‘chemical

bonds’’, representing a heteropolymer

liquid with no physical interactions bet-

weenmonomeric units. The entropy of such

a hypothetic liquid is termed the Lifshitz

entropy.[33] The second item in expression

(7) describes the auxiliary subsystem of

‘‘separate units’’ that would form from the

system under consideration as a result of

the cleavage of all chemical bonds inmacro-

molecules. Values of components GðnÞð�Þ
a1...an

of

tensor GðnÞð�Þ are taken to be independent of

the wave vectors q1; . . . ; qn. These compo-

nents can be found by considering some

model of low-molecular weight liquid. For

example, for the simplest ‘‘lattice liquid’’

model they look as follows[22]

Gð2Þð�Þ
a1a2

¼ F

1�F
�F

"a1a2
T

GðnÞð�Þ
a1...an

¼ ðn� 2Þ!Fn�1

ð1�FÞn�1
n � 3

(8)

Here F denote the volume fraction of

monomeric units of all m types, whereas

"a1a2 stands for the energy of physical

interactions between units of types a1 and

a2. If a polymer melt is considered to be

incompressible, all those contributions (6)

to the free energy (5), which are propor-

tional to the components of tensors GðnÞð�Þ at
n� 3, disappear. As for tensor Gð2Þð�Þ, its
components in this limiting case are

Macromol. Symp. 2007, 252, 76–89 81
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reduced to

Gð2Þð�Þ
a1a2

¼ �xa1a2
; where xab

¼ 1

2T
"aa þ "bb � 2"ab
� �

(9)

The Flory parameters,xab, are actively

engaged in thermodynamics of polymers,

and their values are tabulated for many

particular polymer systems.[34–36]

Components�~GðnÞ
a1���an q1; . . . ; qnð Þ of tensor-

function �~GðnÞ q1; . . . ; qnð Þ represent the

vertex functions of the expansion of partial

Lifshitz entropy in powers of the order

parameter. A general algorithm has been

put forward[22] permitting to express any of

these vertex functions for an arbitrary

specimen of a linear m-component hetero-

polymer through the generating functions

of its chemical correlators. The simplest

among them is one-point correlator Yð1Þ
a ,

equal to the probability for a monomeric

unit chosen at random to be of type a. As

for n-point correlator Y nð Þ
a1 ...an

j1; . . . ; jnð Þ, it
represents a joint probability to find n � 2

units of given types Ma1 ; . . . ;Man separated

along a polymer chain by arbitrary

sequences, each containing j1; . . . ; jn units.

The generating function of such a n-point

chemical correlator (gfcc-n)

W nð Þ
a1���an x1; . . . ; xn�1ð Þ

¼
X1
j1¼0

. . .
X1
jn�1¼0

Y nð Þ
a1...an

j1; . . . ; jn�1ð Þ
Yn�1

i¼1

xjiþ1
i

(10)

is at fixed values of indices a1; . . . ; an is one

of the components of tensor-function

WðnÞ x1; . . . ; xn�1ð Þ of (n� 1) independent

dummy variables {xi}.

The concept of the chemical correlator

has been first introduced in monograph[37]

for the statistical description of the mole-

cular structure of heteropolymer chains.

The complete set of such correlators or

their generating functions exhaustively

characterizes the chemical structure of

any specimen of linear heteropolymer.

The relation of the vertex functions with

the chemical correlators revealed in

paper[13] predetermines the importance of

these latter for the statistical thermody-

namics of heteropolymer liquids. In order

to use the WSL theory for the construction

of the phase diagram of such a liquid, it is

necessary to have gfcc-n (10) specified at

values n not exceeding the order of terms

retained under the truncation of series (1).

Since the chemical structure of macromo-

lecules forms in the course of their synth-

esis, the task of finding chemical correlators

is relevant to the statistical chemistry[7]

rather than statistical physics of polymers.

This problem is solved by now for many

varieties of heteropolymers, obtained in

different ways.

To have analytical expressions for the

vertex functions ~G nð Þ
a1...an

q1; . . . ; qnð Þ derived
through the gfcc-n (10), it is convenient to

resort to the diagram technique,[22] whose

elements are presented in Figure 3. Each

apex of the polygon presented in this figure

is supplied by label z ¼ ða; qÞ where a

stands for the type of a monomeric unit,

whereas q is the momentum ascribed to it.

Elements 1 and 3 have been used in

diagram technique,[38] developed earlier to

determine the vertex functions in the

traditional Landau theory of phase transi-

tions in low-molecular weight liquids. The

Macromol. Symp. 2007, 252, 76–8982

Figure 3.

Elements of the diagram technique developed in paper.[22] Corresponding explanation is provided in the text.
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first of these elements represents the

Fourier transform of a regular reducible

correlation function of the densities of

monomeric units XðnÞ
a1...an

q1; . . . ; qnð Þ, while
the second one is the element of the matrix

inverse to that with elements

X 2ð Þ
a1a2

q1; q2ð Þ � Xa1a2 q1; q2ð Þ
� Xa1a2 q1ð ÞdK q1 þ q2ð Þ (11)

As for elements 2 and 4, missing from

the traditional diagram technique,[38] their

appearance is due to the polydispersity of

block copolymers. Element 2 represents an

n-gon partitioned by ðv� 1Þ dashed lines

into v parts (replicas), each containing not

less than two apices. Label z(n) of each of

them specifies the belonging of the apex

to the n-th replica. Partitioning J ¼
ðað1Þ1 . . . a

ð1Þ
m1
Þ; . . . ; ðaðvÞ1 . . . a

ðvÞ
mvÞ containing

in each n-th replica mn apices is associated

with the Fourier transform of the replica

correlation function of the densities of

monomeric units, FTRC-n, Xðn;vÞ
J

ðqð1Þ1 . . .

q
ð1Þ
m1
; . . . ; q

ðvÞ
1 . . . q

ðvÞ
mvÞ. Essentially, the sum

of the apices’ momenta in each replica

equals zero. Zigzag line 4 corresponds to

element Xð�1Þ
a1a2

of matrix which is inverse to

that with elements Xa1a2 � Xa1a2ð0Þ.
To obtain vertex functions, one should

perform the coupling of polygons by linking

some of their apices by lines 3 or 4.[39] We

will call these lines, as well as the apices

adjacent to them, internal lines to distin-

guish them from the external ones (3) which

are attached to the remaining apices. An

apex of a polygon can be joined to any line’s

end only if their labels z(n) coincide. Sub-

sequent summation over indices andmomenta

of all internal apices of polygons, corre-

sponding in diagram language to ‘‘erasing’’

of the labels of these apices, results in a

family of labeled cactus-like graphs. Each

of them consists of a certain set of

fragments separated by dashed and zigzag

lines. The sum of momenta of all apices of

any such a fragment is zero. It was shown[22]

that the algebraic sum of all such cactus-like

graphs with n external lines is a diagram

representation of vertex function ~GðnÞ
a1 ...anðq1; . . . ; qnÞ. Figure 4 provides an example

of such a representation for n¼ 4. Diagrams

inside the first and the second braces in this

figure make a contribution into local and non-

local parts of the vertex function, respectively.
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Figure 4.

Diagrammatic representation of vertex function ~Gð4Þ
a1a2a3a4

q1; q2; q3; q4
� �

. Corresponding explanation is provided

in the text.

Copyright � 2007 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim www.ms-journal.de



To find the contribution (6) into the

Landau free energy, it is necessary to

conduct the convolution of the vertex

functions with the Fourier transforms of

the order parameters making use of the

symmetry property of the tensor-function

(7) with respect to some permutations of

the apices’ labels inside each fragment.

Complete sets of cactus-like diagrams for

finding local F loc
5 ;F loc

6 and non-local F nl
5 ;

F nl
6 contributions have been first reported

in review[40] and paper,[22] respectively.

Since the elements of the diagram

technique (Figure 3) are analytically

expressed in terms of the correlation

functions of the monomeric units’ densities,

the relationship should be established

between these physical correlators and

chemical ones. The solution of this problem

implies the necessity to specify a conforma-

tional model of polymer chains. Ordinarily

they proceed from the simplest of such

models in which the vectors of all chemical

bonds between neighboring monomeric

units are taken to be statistically indepen-

dent and to have the same length a. In the

framework of this ‘‘freely joint’’ model the

probability of any conformation of a

macromolecule, representing a sequence

of vectors of all its bonds, equals the

product of the probabilities of these

statistically independent vectors. Fourier-

transform ~lðqÞ of the distribution lðrÞ of

random vector r with length rj j ¼ a as well

as its asymptotics at qa � 1

~lðqÞ ¼ sinðaqÞ
aq

� 1� a2q2

6
� exp � a2q2

6

� �
(12)

enter into expressions for the vertex functions.

Any FTRC-n is the sum of n! functions

(10), differing in indices’ sequence (each

being one of n! permutations in the

sequence ða1 . . .anÞ) and in values of

arguments x1; . . . ; xn�1. These latter are

expressed in a specific way through the

momenta of the apices of an n-gon under its

given partitioning J. In the case of single-

replica partitioning, the setting of argu-

ments in every of n! items is trivial. So, at

v ¼ 1 any item in FTRC-n, referred to as

‘‘principal function’’, is obtained from

‘‘base function’’

WðnÞ
a1���anðe1; . . . ; en�1Þ; where

ei � ~lðQiÞ; Qi ¼
Xi
j¼1

qj
(13)

as a result of one of n! permutations of

labels z ¼ a; qð Þ. This assertion partially

holds when considering polygons presented

in Fig. 3 (2) at an arbitrary partitioning

J ¼ ðað1Þ1 . . . a
ð1Þ
m1
Þ; . . . ; ðaðvÞ1 . . . a

ðvÞ
mvÞ of their

apices.

In fact, any FTRC-n representing the sum

n! of n-point principal functions, is parti-

tioned intoN ¼ n!=m1! . . .mv! groups, each

containing m1! . . .mv! items. All items,

constituting any group are obtained from

its base function as a result of the

intrareplica transpositions of labels of a

polygon’s apices. That is why the tensor-

function Xðn;vÞ
J

associated with the polygon

is symmetric with respect to any permuta-

tions of labels of its apices, provided these

belong the same replica. However, such a

symmetry is broken under the permutations

of the labels of apices belonging to different

replicas. As the base function of each group

any its representative can be chosen. A

general diagrammatic algorithm has been

proposed[22] to realize such a choice for any

FTRC-n to which the n-gon corresponds

with an arbitrary partitioning J of its n

apices. For example, for partitioning

J ¼ ðað1Þ
1 a

ð1Þ
2 Þðað2Þ

1 a
ð2Þ
2 Þ of a tetragon into

two replicas the following expressions are

obtained for 4!/2!2!¼ 6 base functions
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ð4Þ
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� �
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� �
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1
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ð2Þ
2

e
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1 ; e
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1 ; e
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1

� �
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1
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1
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1 ; e
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1 e
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1

� �
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The designations used here are

e
ðnÞ
i ¼ ~l Q

ðnÞ
i

� �
Q

ðnÞ
i ¼

Xi
j¼1

q
ðnÞ
j (15)

where q
ðnÞ
j is j-th momentum in n-th replica.

It’s easy to see that the base functions 4,5,6

result, respectively, from functions 1, 2, 3

under the inversion of superscripts labeling

the replicas.

Using the above mentioned algorithm

analytic expressions have been found

for vertex functions ~GðnÞ
a1 ...an

ðq1; . . . ; qnÞ at

2 	 n 	 6 for random[22] and markovian[21]

heteropolymers whose macromolecules

consist of an arbitrary number m of types

of monomeric units.

A peculiar feature distinguishing poly-

disperse polymer liquids from monodis-

perse ones is the possibility of the coexis-

tence in their solutions and melts of s � 2

macroscopic phases with volume fractions

f1; . . . ; fs. When considering such s-phase

states in the framework of the WSL theory,

any order parameter caðrÞ is supposed to

have s components. Each of them,

cl
aðrÞ ðl ¼ 1; . . . ; sÞ, describes the density

distribution of a-th type units in phase l.
That is why any apex of the polygon

depicted in Fig. 3 is supplied by label

zðnÞðlÞ, indicating that this apex belongs to

n-th replica associated with phase l. Let us
conventionally consider such an apex to be

painted with color l. It was theoretically

established[41] that all apices belonging to

one and the same replica will necessarily be

of identical color. Such a property is

apparently peculiar to the apices entering

in any fragment. This can be inferred from

the fact that under coupling of two arbitrary

polygons their apices linked by a line should

be of the same color.

A rigorous examination of s-phase

systems by means of the WSL theory[41]

enabled the formulation of a general

algorithm for finding the vertex functions

in the expansion of the Landau free

energy when number s of phases is

supposed to be arbitrary. This algorithm

is based on a simple modification of the

diagrammatic representation of vertex

function ~GðnÞ
a1...an

q
l1
1 ; . . . ; qlnn

� �
of expansion

(6) describing a monophase system. Such a

modification implies first of all that the

cactus-like diagrams of this diagrammatic

representation should be colored in such a

way that every fragment of a diagram is

painted with one of s colors. As a result, any

white v-replica diagram splits into sv

colored diagrams, some of which can

coincide by virtue of a symmetry condition.

Secondly, fragment painted with l color is

ascribed weight fl, and the weight of

colored diagram is taken to be equal to

the product of weights constituting its

fragments. Up to this weight factor the

contributions into the vertex function of all

diagrams obtained by the procedure of

coloring of a certain white diagram are

described by a unified function. These

contributions differ from one another just

by the set of its arguments. Essentially, this

function controlled exclusively by the

appearance of white diagram is found from

consideration of a homophase system.

The convolution of the vertex functions
~GðnÞ
a1...an

ðql11 ; . . . ; qlnn Þ with the order para-

meters leads to the expression for the

contribution F n into the Landau free

energy of s-phase system, representing a

sum of contributions of all colored dia-

grams with n external lines. Substitution of

F n in formula (5) results upon resummation

procedure in the following expression

F ~cl
a

� 	
 �
¼
Xs
l¼1

flF loc
l

~cl
a

� 	
 �
þ
X
1	l1	

X
l2	s

fl1fl2F nl
l1l2

~cl1
a

� 	
; ~cl2

a

� 	
 �
þ . . .

(16)

The first item of the infinite series (16)

comprises contributions of all orders n � 2

into the Landau free energy from diagrams

composed from a single fragment. This item

differs qualitatively from the remaining

ones which represent contributions from

diagrams consisting, respectively, from two,

three and so on fragments. Because all

Macromol. Symp. 2007, 252, 76–89 85
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these contribution vanish when considering

monodisperse polymers, the free energy

written down in terms of monomeric units

will be phase-additive. In melts and solu-

tions of polydisperse polymers such an

additivity is broken due to nonlinear

dependence (16) of function F on volume

fractions of phases. This may be conven-

tionally interpreted as some nonlocal

interaction of units involved in macromo-

lecules situated in different phases. Of

course, such an interpretation is formal

one since it is connected with the transition

in the description of a system in terms of

macromolecules to that in terms of their

units. These latter, unlike low-molecular

compounds, are not, however, true thermo-

dynamic components because they are

incorporated into polymer chains. Aver-

aging over macromolecules’ configurations

leads to the emergence of nonlocal terms in

the expression (16) for the Landau free

energy.

Long-Wave Limit

The diagram technique discussed in the

preceding section permits to write down the

expressions for all vertex functions of any

order. However, only some of them are

indispensable for practical implementation

of the WSL theory in the thermodynamics

of heteropolymer liquids. Below such an

implementation will be briefly considered

as applied to a melt of binary markovian

multiblock copolymer. For simplicity sake

the theoretical description can be carried

out in the asymptotic limit by letting to

infinity both the lengths of macromolecules

and the numbers of blocks at fixed values l1
and l2 of their average lengths. Although in

this limit the possibility of the separation of

a melt into two macroscopic homogeneous

phases is ignored, analytical formulas are

substantially simplified. If average lengths

of both blocks are large enough, the scale lc
(17) of the decay of chemical correlations

along macromolecules is large as well. In

this case, lc 
 1, it is enough to retain in

expressions for vertex functions only terms

which are linear in the small parameter 1/lc.

Noteworthy, all these terms are controlled

only by moduluses qi of vectors qi since the

arguments of any vertex function in this

approximation are dimensionless variables

yi

yi ¼ R2
Gq

2
i ; where R2

G ¼ lca
2

6
;

1

lc
¼ 1

l1
þ 1

l2
¼ n21 þ n12 � 1

(17)

where n21; n12 are nondiagonal elements of

the transition matrix of the Markov chain,

whereas R2
G stands for the average square of

the gyration radius of a macromolecule’s

fragment composed of lc monomeric units.

Being interested only in mesophases

with periodicity scales far exceeding RG, it

will suffice to consider in the expressions for

vertex functions their asymptotic behavior

in the long-wave limit yi ! 0. Expanding

these functions into power series of vari-

ables yi � 1 and retaining the main terms

gives the following expression for the

Landau free energy (1)
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lcF ~c
� 	 ¼ 1

2!

P
q

Kloc
2d þKloc

2s y
� �

~cðqÞ~cð�qÞ

� Kloc
3d
3!

P
fqig

dK
P3
i¼1

qi

� �Q3
i¼1

~cðqiÞ

þ Kloc
4d
4!

P
fqig

dK
P4
i¼1

qi

� �Q4
i¼1

~cðqiÞ

þ 1
4!

P
fqig

dK q1 þ q2ð ÞdK q3 þ q4ð Þ Knl
4d

y1þy3
þKnl

4s

� � Q4
i¼1

~cðqiÞ

þ Knl
6d
6!

P
fqig

dK q1þq2þq3ð ÞdK q4þq5þq6ð Þ
y1þy4ð Þ y3þy6ð Þ

Q6
i¼1

~cðqiÞ

(18)
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This expression differs from that pre-

sented in paper[20] only by the designations

of vertices. A superscript stands to distin-

guish local vertices from nonlocal ones,

whereas the destination of a subscript, d or

s, is to show whether this particular term is

dominant or subdominant in the asymptotic

expansion of the vertex function of corre-

sponding order. Among all vertices only

one, Kloc
2d � t ¼ 2lcðxs � xÞ, is temperature

dependent. The rest of the vertices as well

as quantity lcxs are governed exclusively by

copolymer composition, i.e., by either of

fractions X1, X2 of monomeric units belong-

ing to type 1 or 2.

The first four items in expression (18)

are similar to those which enter in the

expansion of the Landau free energy of

monodisperse heteropolymers. The remain-

ing items owe their existence to the

polydispersity of a markovian block copo-

lymer. The first of them is traditionally

taken into account when calculating phase

diagrams of such copolymers.[11–15,18–19,31,42–45]

It is concerned with the partitioning of the

quadruple of vectors fqig4 into two replicas,
(q1, q2) and (q3, q4). Evidently, apart from

this dominant item the subdominant one

should be also retained in the asymptotic

limit yi ! 0. This is because its order of

magnitude is just the same as that of the

fourth term in expansion (18).

The question may arise why the right

hand part of this expansion does not

contain the fifth order nonlocal contribu-

tions, and among the sixth order contribu-

tions only one is retained. The answer to

this question stems from the analysis of the

expression for the amplitude expansion F

of the free energy, which is obtained in the

first harmonic approximation. Minimizing

this function F with respect to variables y

and A, it is possible to find the period and

the amplitude of equilibrium mesophase,

that has been performed in all papers

except for[20] in disregard of contributions

of two last items in expression (18).

However, ignoring these items is incorrect,

since both of them are of order A4. This

conclusion is arrived at because in thermo-

dynamic equilibrium y�A. Thus, the fifth

and the seventh items in (18) whose vertex

functions have the first and the second

order poles, respectively, upon minimiza-

tion with respect to y will be of order A3 and

A4, respectively. A rigorous analysis

revealed[21] that all vertex functions
~Gð5Þnl
a1���a5ðq1; . . . ; q5Þ remain finite in the long-

wave limit yi ! 0. This explains the absence

of the contribution F 5½~c� in expansion (18).

Because of the above stated reasons when

finding contribution F 6½~c� one should

restrict himself to the dominant item of

the asymptotic expansion of the vertex

function ~Gð6Þnl
a1���a6ðq1; . . . ; q6Þ which is asso-

ciated with the partitioning of the sextuple

of vectors fqig6 into two replicas,

ðq1; q2; q3Þ and ðq4; q5; q6Þ. The sixth order

subdominant item in the long-wave limit

has the first order pole with respect to

variables yi. Consequently the correspond-

ing contribution to the amplitude expan-

sion of the free energy upon the exclusion

of variable y will have order A5. Therefore

expression (18) contains all items which

upon the minimization with respect to the

wave vectors will provide the complete set

of terms of the second, third and fourth

orders in amplitude expansion of the

Landau free energy. In all papers apart

from article,[20] where the WSL theory was

employed to calculate the phase diagram of

polydisperse heteropolymers, the above-

mentioned set was incomplete, since two

last items in expression (18) were missed.

The idea about the importance of their

allowance is possible to get from the

inspection of Fig. 5. A comparison of the

phase diagrams (a) and (b) in this figure

demonstrates that the account of the sixth

order nonlocal term in expression (18), leav-

ing the sequence of the phase transitions

Macromol. Symp. 2007, 252, 76–89 87

lcxs ¼ 1
4j ; Kloc

2s ¼ 1
2j ; Kloc

3d ¼ 3
ffiffiffiffiffiffiffiffi
1�4j

p
4j2

; Kloc
4d ¼ 3ð5�16jÞ

8j3
;

Knl
4d ¼ 3

j2
; Knl

4s ¼ 3ð3�8jÞ
8j3

; Knl
6d ¼ 45

j3
; where j ¼ X1X2

(19)
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between mesophases unaltered, exerts a

significant influence on the appearance of

the phase diagram. Of central importance

here is the considerable expansion of the

region of coexistence of hexagonal and

lamellar mesophases.

Conclusion

Efficiency of novel theoretical approaches

based on current ideas of the statistical

physics of disordered systems is shown as

applied to description of the phase behavior

of melts and solutions of block copolymers.

Acknowledgements: The author is indebted to
S.V.Panyukov, M.A.Aliev, V.A.Pichugin, G.ten
Brinke for their co-authorship in publications
surveyed in this concise review-article.

[1] J. W. Hamley, ‘‘The Physics of Block Copolymers’’,

Oxford Univ. Press, 1998.

[2] N. P. Balsara, H. Hahn, ‘‘Block Copolymers in

Nanotechnology’’, in: ‘‘The Chemistry of Nanostructured

Materials’’, P. Yang, Ed., World Scientific, Singapore

2003.

[3] M. Maldovan, A. Urbas, N. Yufa, W. Carter, E.

Thomas, Phys. Rev. Ser. B 2002, 65, 165123.

[4] J.-C. Toledano, P. Toledano, ‘‘The Landau Theory of

Phase Transitions’’, World Scientific, Singapore 1987.

[5] P. Toledano, A. F. Neto, ‘‘Phase Transitions in

Complex Fluids’’, World Scientific, Singapore 1998.

[6] Yu. A. Izumov, V. N. Syromyatnikov, ‘‘Phase

Transitions and Crystal Symmetry’’, Kluwer Acad. Press,

Dordrecht 1990.

[7] S. I. Kuchanov, Adv. Polym. Sci. 2000, 152, 157.

[8] J. M. Ziman, ‘‘Models of Disorder’’, Cambridge Univ.

Press, 1979.

[9] K. Binder, A. P. Young, Rev. Mod. Phys. 1986, 58,

801.

[10] V. Dotsenko, ‘‘Introduction to the Replica Theory of

Disordered Statistical Systems’’, Cambridge Univ. Press,

2001.

[11] E. I. Shakhnovich, A. M. Gutin, J. Phys. France

1989, 50, 1843.

[12] S. V. Panyukov, S. I. Kuchanov, Sov. Phys. JETP

1991, 72, 368.

[13] S. V. Panyukov, S. I. Kuchanov, J. Phys. France II

1992, 2, 1973.

[14] G. H. Fredrickson, S. T. Milner, L. Leibler,

Macromolecules 1992, 25, 6341.

[15] C. D. Sfatos, A. M. Gutin, E. I. Shakhnovich, Phys.

Rev. Ser. E 1995, 51, 4727.

[16] ‘‘Markov Chains and Monte Carlo Calculations in

Polymer Science’’, G. G. Lowry, Ed., Marcel Dekker,

1970.

[17] J. L. Koenig, ‘‘Chemical Microstructure of Polymer

Chains’’, Wiley & Sons, 1980.

[18] S. V. Panyukov, I. I. Potemkin, JETP 1997, 85, 183.

[19] S. Panyukov, I. Potemkin, Physica A 1998, 249, 321.

[20] S. I. Kuchanov, S. V. Panyukov, J. Phys.: Con-

densed Matter 2006, 18, L43.

[21] M. A. Aliev, S. I. Kuchanov, (submitted to

Physica A).

Macromol. Symp. 2007, 252, 76–8988

Figure 5.

Phase diagram of the melt of binary markovian copolymers presented in papers[18,19] (a) and[20] (b), respectively.

Lines in this figure separate homophase regions (colored white) from two-phase ones (colored gray).

Copyright � 2007 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim www.ms-journal.de



[22] M. A. Aliev, S. I. Kuchanov, Eur. Phys. Journ. Ser. B

2005, 43, 251.

[23] L. Leibler, Macromolecules 1980, 13, 1602.

[24] Yu. Smirnova, I. Erukhimovich, G. ten Brinke,

Polym. Sci. Ser. A 2005, 47, 430.

[25] Yu. Smirnova, G. ten Brinke, I. Erukhimovich,

J. Chem. Phys. 2006, 124, 054907.

[26] R. Nap, C. Kok, G. ten Brinke, S. Kuchanov, Eur.

Phys. J. Ser. E 2001, 4, 515.

[27] R. Nap, PhD Thesis (State University of Groningen,

The Netherlands) 2003.

[28] V. Pichugin, S. Kuchanov, J. Stat. Mech. 2005,

P07009.

[29] S. Kuchanov, V. Pichugin, G. ten Brinke,

Europhys. Lett. 2006, 76, 959.

[30] A. V. Dobrynin, I. Y. Erukhimovich, Polym. Sci.

1992, 33, 1012.

[31] H. Angerman, PhD Thesis (State University of

Groningen, The Netherlands) 1998.

[32] S. Kuchanov, V. Pichugin, G. TenBrinke,

‘‘e-Polymers’’ 2006, no 012.

[33] I. M. Lifshitz, A. Yu. Grosberg, A. R. Khokhlov,

Rev. Mod. Phys. 1978, 50, 683.

[34] J. M. G. Cowie, Macromol. Symp. 1994, 78, 15.

[35] P. Munk, P. Hattam, Q. Du, A.-A. Abdel-Azim,

J. Appl. Polym. Symp. 1990, 45, 289.

[36] N. P. Balsara, ‘‘Thermodynamics of Polymer

Blends’’, in: ‘‘Physical Properties of Polymers’’, J.E. Mark,

Ed., AIP Press, New York 1996, ch. 19 257–268.

[37] S. Kuchanov, ‘‘Methods of Kinetic Calculations in

Polymer Chemistry’’, Khimia Publishers, Moscow 1978.

[38] A. Z. Pokrovsky, V. L. Patashinski, ‘‘Fluctuation

Theory of Phase Transitions’’, Pergamon Press, London

1979.

[39] Essentially, the coupling should be performed in

a manner precluding the formation of loops.

[40] S. I. Kuchanov, S. V. Panyukov, ‘‘Statistical

Thermodynamics of Copolymers and Their Blends’’, in:

‘‘Comprehensive Polymer Science’’, 2nd suppl., G. Allen,

Ed., Pergamon, 1996, ch. 13 441–496.

[41] S. Kuchanov, M. Aliev, (to be published).

[42] R. Holyst, T. A. Vilgis, Macromol. Theory Simul.

1996, 5, 573.

[43] J. J. M. Slot, H. J. Angerman, G. ten Brinke,

J. Chem. Phys. 1998, 109, 8677.

[44] H. J. Angerman, G. ten Brinke, J. J. M. Slot, Eur.

Phys. J. Ser. B 1999, 12, 397.

[45] A. V. Dobrynin, J. Chem. Phys. 1997, 107, 9234.

Macromol. Symp. 2007, 252, 76–89 89

Copyright � 2007 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim www.ms-journal.de


